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Abstract
The radiation of twisted photons by undulators filled with a homogeneous dielectric dispersive medium
is considered. The general formulas for the average number of radiated twisted photons are obtained. The
radiation of undulators in the dipole regime and the radiation of the helical and planar wigglers are studied
in detail. It is shown that the selection rules for radiation of twisted photons established for undulators in
a vacuum also holds for undulators filled with a dielectric medium. In the case of a medium with plasma
permittivity the lower undulator harmonics do not form. This fact can be used for generation of twisted
photons with nonzero orbital angular momentum on the lowest admissible harmonic. The use of the effect
of inverse radiation polarization for generation of twisted photons with larger orbital angular momentum is
described. The influence of the anomalous Doppler effect on the projection of the total angular momentum
of radiated twisted photons is investigated. The parameters of the undulator and the charged particles are
found such that the produced radiation, in particular, the Vavilov-Cherenkov radiation, is a pure source
of twisted photons with definite nonzero orbital angular momentum. The developed theory is used to
describe the radiation of twisted photons by beams of electrons and protons in the undulators filled with
helium. We also consider the radiation of X-ray twisted photons by electrons in the undulator filled with
xenon. The parameters are chosen so as to be achievable at the present experimental facilities.
1 Introduction
The undulator radiation represents a unique source of photons that combines a high degree of coherence and
intensity with a large flexibility of its parameters and availability at the acceleration facilities. Nowadays
the free-electron lasers (FELs) employing the undulator radiation are the standard tool for generation of an
intense flux of coherent photons from THz up to X-ray spectral ranges [1–7]. Usually the chamber where
the charged particles move in the undulator or the whole undulator are mounted in an ultra high vacuum.
Nevertheless, there are theoretical and experimental works where the undulators and FELs filled with a
dielectric medium are studied [8–27]. The presence of a medium in the undulator degrades the properties of
the electron beam evolving in it but, on the other hand, one may adjust the parameters of the beam and
the medium in such a way that the undulator will produce the photons with larger energies and narrower
spectral bands than the vacuum undulator for a given energy of electrons. The degradation of the electron
beam can be overcome. This is possible even in FELs where the coherence properties of radiation strongly
depend on the beam configuration [13–20]. The use of proton beams makes this problem virtually negligible
though, of course, the generation of undulator radiation becomes a much harder task.
The undulator radiation is known to be a source of twisted photons [3, 5, 28–44], i.e., the source of the
quanta of the electromagnetic field with the definite energy, the momentum projection onto the direction of
propagation, the projection of the total angular momentum onto this axis, and the helicity [45–57]. In the
present paper, we investigate the influence of the homogeneous dispersive dielectric medium loaded in the
undulator on the properties of radiation of twisted photons. In [58] the general theory was developed for the
radiation of twisted photons by charged particles moving in an inhomogeneous dispersive medium. We apply
this theory to describe the radiation of twisted photons by undulators filled with a medium. As a result,
some general properties and selection rules for the radiation produced by these undulators are established.
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In particular, we find that the selection rules for radiation of twisted photons in vacuum undulators are also
fulfilled for radiation of twisted photons in undulators filled with a homogeneous dispersive medium.
It turns out that the use of these undulators offers certain advantages in generation of twisted photons in
comparison with the vacuum undulators in addition to the merits mentioned above. Namely, the radiation
of lower harmonics generated in undulators filled with a dielectric medium having a plasma permittivity
do not form for sufficiently large plasma frequencies. This allows one to generate the photons possessing a
nonzero orbital angular momentum at the lowest radiation harmonic. In the case of vacuum undulators, this is
possible only by the use of helically microbunched beams of particles [3, 33]. Furthermore, suitably adjusting
the energy of charged particles and the parameters of the medium, one can twist the Vavilov-Cherenkov
(VC) radiation produced in the helical undulator. The photons of this radiation possessing zero projection
of the total angular momentum become almost completely circularly polarized. Then the projection of their
orbital angular momentum is −s, where s is the helicity of radiated photons. The use of planar wigglers
filled with a dielectric medium allows one to obtain the VC radiation with nonzero projection of the total
angular momentum. However, the probability of radiation of twisted photons obeys the reflection symmetry
[37, 43, 59] in this case.
Another interesting effect that we investigate in the paper is the inverse polarization of the helical undu-
lator radiation in the paraxial regime. This effect manifests itself as domination of the radiation polarization
that is inverse to the chirality of helical trajectory of a charged particle in the undulator. This effect also
exists in the vacuum helical undulators (see, e.g., [41, 60]) but, for certain parameters, it becomes more pro-
nounced in the helical undulators filled with a medium. For a given positive harmonic of undulator radiation,
the twisted photons with parameters belonging to the domain of inverse polarization possess the modulus
of the projection of the orbital angular momentum by 2~ more than in the domain of the usual radiation
polarization. The negative harmonics of undulator radiation appear when the generation of VC radiation be-
comes possible. These harmonics correspond to the anomalous Doppler effect [8, 9, 11, 23, 61–63]. We study
the influence of the anomalous Doppler effect on the properties of twisted photons produced in undulators.
The twisted photons radiated at these harmonics in the helical undulator carry the projection of the total
angular momentum m = ςn, where ς = ±1 is the chirality of the particle trajectory. In other words, the
selection rule for radiation of twisted photons in helical undulators [28, 32, 35–37, 41, 42] remains intact in
the presence of a homogeneous dielectric medium but the sign of the harmonic number n may take both
values.
As examples, we consider the radiation of electrons and protons in undulators and wigglers filled with
helium. We also describe the radiation of X-ray twisted photons with the projection of the orbital angular
momentum l = 2 produced by electrons in the undulator filled with xenon. In the latter case, the radiation
is created near the photoabsorption M -edge of xenon. The same mechanism for generation of X-ray VC
radiation from the beam of protons traversing the target made of amorphous carbon was experimentally
verified in [64]. The X-ray VC radiation from other materials was also observed [65, 66]. The use of X-ray
VC radiation for diagnostics of particle beams can be found in [67, 68]. Notice that the angular momentum
of radiated twisted photons in all the considered examples can be shifted to larger values by employing
the addition rule valid for the radiation produced by helically microbunched beams of charged particles
[31, 33, 44, 69, 70]. The intensity of radiation can be increased with the help of the coherent radiation
created by a periodic train of bunches, the frequency of one of the coherent harmonics must coincide with
the energy of twisted photons radiated by one charged particle [3–7, 62, 71–73]. Currently, the highest number
of a distinguishable coherent harmonic of the electron bunch train is of order 100 with the corresponding
energy of photons 474 eV [6].
The paper is organized as follows. In Sec. 2, the general formulas for the average number of twisted photons
produced by charged particles traversing a dielectric plate are presented. We find the transformation law of
the mode functions of twisted photons and establish the selection rules for their radiation. The formula for
the average number of twisted photons created by Gaussian and helically microbunched beams of identical
charged particles is also given. In Sec. 3, we derive the average number of twisted photons radiated in the
undulator filled with a homogeneous dispersive medium. We start with the estimates of multiple scattering
of the radiating charged particles and find the restrictions on the parameters of the particle beam and the
medium when this scattering can be neglected in describing the properties of radiation. Then, in Sec. 3.1,
we obtain the general formula for the average number of twisted photons radiated by the undulator in the
dipole regime. The properties of the energy spectrum of radiated photons are also discussed. Section 3.2 is
devoted to the helical wiggler filled with a medium. We derive the formula for the average number of twisted
photons produced by it and analyze the polarization properties of this radiation paying a special attention
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to the influence of the radiation polarization on the orbital angular momentum of radiated twisted photons.
In Sec. 3.3, we completely describe the radiation of a planar wiggler filled with a medium in terms of the
twisted photons. In Conclusion we summarize the results. Throughout the paper we use the system of units
such that ~ = c = 1 and e2 = 4piα, where α ≈ 1/137 is the fine structure constant.
2 General formulas
In the paper [58], the formalism was developed that allows one to describe the radiation of twisted photons
by charged particles moving in an inhomogeneous dispersive medium. In particular, the formula was obtained
for the probability to detect a twisted photon created by the charged particle passing through the dielectric
plate of the width L possessing the permittivity ε(k0) > 0 (see Sec. V.A of [58]). For the reader convenience,
we present here some general formulas from that paper. Notice that such a dielectric plate can be a gas or
liquid confined into the cuvette of a proper form.
Let the twisted photon recorded by the detector possess the helicity s, the projection of the total angular
momentum m to the axis 3 (the axis z), the projection of the momentum k3, and the modulus of the
perpendicular component of the momentum k⊥. The energy of such a photon is
k0 =
√
k2⊥ + k
2
3, (1)
and its state in the Coulomb gauge in the vacuum is characterized by the wave function [37, 46, 48, 50–52, 57]
ψ3(m, k3, k⊥; x) = jm(k⊥x+, k⊥x−)eik3x3 , ψ±(s,m, k3, k⊥; x) =
in⊥
s± n3ψ3(m± 1, k3, k⊥; x),
ψ(s,m, k3, k⊥; x) =
1
2
[
ψ−(s,m, k3, k⊥; x)e+ + ψ+(s,m, k3, k⊥; x)e−
]
+ ψ3(m, k3, k⊥; x)e3,
(2)
where n⊥ := k⊥/k0, n3 := k3/k0, and e± = e1 ± ie2. The basis unit vectors {e1, e2, e3} constitute a
right-handed triple and the unit vector e3 is directed along the z axis.
The presence of the dielectric plate changes the vacuum mode functions of twisted photons. Let the
dielectric plate be situated at z ∈ [−L, 0] and the detector of twisted photons be located in the vacuum in
the region z > 0. We assume that the typical size of the plate along the x and y axes is large and neglect the
influence of the edge effects on the properties of radiation [74]. As a rule, this is justified for the radiation
of relativistic particles as long as their radiation is concentrated in a narrow cone. In the presence of the
dielectric plate, the mode functions of the twisted photons have the form
aψ(s,m, k3, k⊥) for z > 0,
a
[
b+ψ
′(1,m, k′3, k⊥) + b−ψ
′(−1,m, k′3, k⊥) + (k′3 ↔ −k′3)
]
for z ∈ [−L, 0],
a
[
a+ψ(1,m, k3, k⊥) + d+ψ(1,m,−k3, k⊥) + a−ψ(−1,m, k3, k⊥) + d−ψ(−1,m,−k3, k⊥)
]
for z < −L,
(3)
where
ψ′3(m, k
′
3, k⊥) = ψ3(m, k
′
3, k⊥), ψ
′
±(s
′,m, k′3, k⊥) =
in⊥
s′ε1/2(k0)± n′3
ψ′3(m± 1, k′3, k⊥), (4)
and
n′3 := k
′
3/k0 =
√
ε(k0)− n2⊥. (5)
Also
b± =
ε1/2 ± s
4εn′3
(±sn′3 + ε1/2n3),
a± =
2(1± s)εn3n′3 cos(k′3L)− i(ε2n23 + n′23 ± sε(n23 + n′23 )) sin(k′3L)
4εn3n′3
eik3L,
d± = −iε
2n23 − n′23 ± sε(n23 − n′23 )
4εn3n′3
sin(k′3L)e
−ik3L,
(6)
where s is the helicity of the mode function (3). The coefficients (6) obey the unitarity relation
1 + |d+|2 + |d−|2 = |a+|2 + |a−|2, (7)
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for real-valued k3. The constant a is found from the normalization of the mode functions:
|a|−2 = |a+|2 + |a−|2 =
∣∣∣1 + 1
8
[
(ε2 + 1)
( n23
n′23
+
n′23
ε2n23
)
− 4
]
sin2(k′3L)
∣∣∣. (8)
The above formulas can be generalized to the case of the medium with absorption [58].
Let us denote as Φ(s,m, k⊥, k3; x) the mode function (3). Then the probability to record the twisted
photon created by the particles with charges el is given by
dP (s,m, k⊥, k3) = |a|2
∣∣∣∣∑
l
el
∫ ∞
−∞
dτe−ik0x
0
l (τl)
{
x˙3l(τl)Φ3(s,m, k⊥, k3; xl(τl))+
+
1
2
[
x˙+l(τl)Φ−(s,m, k⊥, k3; xl(τl)) + x˙−l(τl)Φ+(s,m, k⊥, k3; xl(τl))
]}∣∣∣∣2n3⊥dk3dk⊥16pi2 , (9)
where xµl (τ) are the world lines of particles. Strictly speaking, the quantity (9) is the probability to detect
a twisted photon only in the first Born approximation with respect to the classical current of the charged
particle. If one neglects the quantum recoil and replaces the current operator by a c-number quantity, then the
equations of quantum electrodynamics are exactly solvable. In that case, the probability to record a twisted
photon is expressed though (9), whereas the expression (9) is equal to the average number of radiated twisted
photons (see for details [37, 41, 58, 75]).
Notice some general properties of the expression (9). Let A(s,m, k⊥, k3; j] be the amplitude of radiation
of a twisted photon by the current ji entering into (9). Then on rotating the current ji(x) around the detector
axis by the angle of ϕ, ji → jϕi , the amplitude transforms as
A(s,m, k⊥, k3; jϕ] = eimϕA(s,m, k⊥, k3; j], (10)
i.e., it has the same transformation law as in a vacuum. Consequently, the selection rules established in Sec. 2
of [59] also hold for the radiation of twisted photons by charged particles in the presence of a dielectric plate.
Furthermore, the radiation produced by the current of particles moving parallel to some plane containing
the detector axis, i.e., the current being such that arg j+ = const, obeys the reflection symmetry
dP (s,m, k⊥, k3) = dP (−s,−m, k⊥, k3). (11)
The proof of this relation is the same as it was given in [37] for the radiation from a charged particle moving
along a planar trajectory in a vacuum. Selecting suitably the axes x and y, one may put j+(x) = j−(x).
Then, performing the rotation around the z axis by the angle of pi, we obtain that jpi+(x) = jpi−(x) and
j3 → jpi3 , j± → −jpi±, Φ3(s,m)→ Φ3(−s,−m), Φ±(s,m)→ −Φ∓(−s,−m). (12)
Whence
A(s,m, k⊥, k3; jpi] = A(−s,−m, k⊥, k3; j] = eimpiA(s,m, k⊥, k3; j]. (13)
Taking the modulus squared of the both parts of the last equality, we arrive at the relation (11).
Further, we shall need the formula for the probability of radiation of twisted photons by the beam of
identical charged particles with small dispersion of the initial momenta (see for more detail [40, 44]). This
formula is deduced from the general formula (9). The radiation produced by a helically microbunched beam
of particles with the helix pitch δ and the chirality χb = ±1 is concentrated at the harmonics
k0 = 2piχbncβ3/δ, χbnc > 0, nc ∈ Z, (14)
where β3 is the velocity of particles along the axis 3. At these harmonics, the average number of radiated
twisted photons becomes
dPρ(s,m, k⊥, k3) = N
∞∑
j=−∞
fm−jdP1(s, j, k⊥, k3) +N(N − 1)|ϕ¯nc |2dP1(s,m− nc, k⊥, k3), (15)
where N is the number of particles, dP1(s,m, k⊥, k3) is the average number of twisted photons created by one
charged particle moving long the center of the beam, fm and ϕ¯n are the incoherent and coherent interference
factors, respectively. The explicit expressions for these factors are presented in [40, 44]. If k3δ  1 and
k3σ3  1, where σ3 is the longitudinal dimension of the beam, then the coherent contribution is strongly
suppressed and formula (15) is valid for any energy of the radiated photon. Notice that the usual Gaussian
beam of particles is obtained from the helically microbunched one when δ  σ3.
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3 Undulator
Consider the radiation of twisted photons by one charged particle moving in the undulator filled with the
dielectric medium with permittivity ε(k0). The trajectory of the particle has the form (see, e.g., [60])
xi(t) = ri(t) + βit, βi = (0, 0, β3), t ∈ [−TNu, 0], L = TNu, (16)
where t is the laboratory time, β3 ∈ [0, 1), ri(t) is a periodic function of t with the period T =: 2pi/ω and
zero average over this period, Nu  1 is the number of undulator sections, the length of one section is
λ0 = 2piβ3/ω. For t < −TNu or t > 0, the particle moves along the undulator axis with the velocity
β‖ :=
√
1− 1/γ2. (17)
The parts of the particle trajectory are joined continuously at the instants t = −TNu and t = 0. The
undulator strength parameter K is determined by the relation
β23 = 1−
1 +K2
γ2
. (18)
It can also be defined as
K2 = γ2〈β2⊥〉, (19)
where the angular brackets denote the average over the trajectory period. The magnetic field strength in the
undulator is
eH =
ωmp
zβ3
√
2K, (20)
where mp is the mass of a charged particle and z is its charge in the units of the elementary charge. In the
relativistic case, γ  1, the following estimates for the parameters of particle’s trajectory hold
r21,2 ∼
K2
ω2γ2
, |r3| . K
2
2piωγ2
,
K
γ
 1, β3 ≈ 1− 1 +K
2
2γ2
. (21)
We also assume throughout this paper that the axis of the detector of twisted photons coincides with the
undulator axis. Then the periodic part of the particle trajectory (16) is written as
r =
1
2
(r+e− + r−e+) + r3e3, (22)
where r± = r1 ± ir2.
We will be interested in the contribution to radiation of twisted photons produced by the charged particle
on the part of the trajectory t ∈ [−TNu, 0], i.e., we will discard the contribution of transition radiation. Such
an approximation is valid for sufficiently large Nu. Besides, we will assume that the multiple scattering of
the charged particle on the particles of the medium does not considerably affect the properties of radiation
produced by one particle. This is justified (see, e.g., [64, 65]) when the average square of the multiple
scattering angle [64, 65, 76–78],
q ≈
( zEs
mpγβ2‖
)2 L
Lrad
=
4piz2
αγ2β4‖
m2eL
m2pLrad
, (23)
satisfies
q . n2⊥, q . 〈β2⊥〉 = K2/γ2. (24)
Here me is the electron mass and Lrad is the radiation length. The formula for the radiation length in the
medium consisting of single type nuclei with the charge Z reads as [78]
L−1rad =
Mp
716.4
nmZ(Z + 1) ln
287
Z1/2
, (25)
where Mp is the proton mass in grams and nm is the particle number of the medium in 1 cm3. To run such
an undulator in the FEL regime, more stringent conditions on the parameters of the particle beam and the
dielectric medium must be imposed [13–20, 22].
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Figure 1: The average number of twisted photons produced by electrons moving in the helical undulator with the chirality
ς = 1. The Lorentz factor is γ = 500, E = 256 MeV. The undulator is filled with helium under the pressure 1/4 atm and
the temperature 0 oC. The gas concentration is calculated as nm = p/(kBT ). In accordance with formula (42), the plasma
frequency ωp ≈ 0.14 eV. The number of undulator periods Nu = 40 and the period λ0 = 1 cm. The undulator strength
parameter K = 1/5, which corresponds to the magnetic field strength H = 3.03 kG in the undulator. The projection of the total
angular momentum of radiated photons per photon is ` = 3 and the energy of photons at the third harmonic is k0 = 112 eV. The
ratios n2⊥/q ≈ 7.3 and K2/(qγ2) ≈ 1.2 that means that the multiple scattering can be neglected. The dependence k0(n⊥) for the
different harmonics is presented on the left panel in Fig. 2. At the given energy of photons, the harmonics with n < 3 are not
formed (see the plot for n = m = 1). On the left panel: The radiation from one electron is described. The radiation of twisted
photons with s = −1 is strongly suppressed. On the right panel: The radiation from the beam of electrons is considered. The
beam is supposed to have a Gaussian profile with the longitudinal dimension σ3 = 150 µm (duration 0.5 ps) and the transverse
size σ⊥ = 1.25 µm. The coherent contribution to radiation of twisted photons is strongly suppressed. We see that the radiation
of photons with projection of the orbital angular momentum l = m− s = 2 dominates.
3.1 Dipole approximation
Let us find, at first, the average number of twisted photons radiated by a charged particle in the undulator
in the dipole regime when
|k′3r3|  1, k⊥|r+|  1, K  1. (26)
The evaluation of the radiation amplitude entering into (9) is reduced to the evaluation of the integrals
I3 =
∫ 0
−TNu
dtx˙3e
−ik0t+ik′3x3(t)jm
(
k⊥x+(t), k⊥x−(t)
)
,
I± =
in⊥
s′ε1/2 ∓ n′3
∫ 0
−TNu
dtx˙±e−ik0t+ik
′
3x3(t)jm∓1
(
k⊥x+(t), k⊥x−(t)
)
.
(27)
In the dipole approximation (26), we have
jm = δm0
(
1− 1
4
k2⊥|r+|2
)
+
1
2
δm1k⊥r+ − 1
2
δm,−1k⊥r− + · · · ,
jm+1 = δm,−1 +
1
2
δm0k⊥r+ − 1
2
δm,−2k⊥r− + · · · ,
jm−1 = δm1 +
1
2
δm2k⊥r+ − 1
2
δm0k⊥r− + · · · ,
(28)
where the properties of the functions jm have been used (see (A3), (A4) of [37]). For brevity, we do not write
out the arguments of the functions jm.
It is useful to represent the periodic part of the trajectory as a Fourier series
r =
∞∑
n=−∞
rne
iωnt, r0 = 0. (29)
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Substituting the expansions (28), (29) into (27) and neglecting k′3r3 in the exponent, we obtain
I3 = δm0ϕ0
(
β3 − 1
4
k2⊥
∞∑
n=−∞
|rn+|2
)
+
1
2
δm1
∞∑
n=−∞
k⊥rn+ϕn − 1
2
δm,−1
∞∑
n=−∞
k⊥rn−ϕn,
I± =
n⊥
s′ε1/2 ∓ n′3
[
δm0ϕ0
∞∑
n=−∞
k⊥ωn
2
|rn+|2 − δm,±1
∞∑
n=−∞
ωnrn±ϕn
]
,
(30)
where the terms giving a negligible contribution to the radiation probability are discarded (see the estimates
(21), (26)) and
ϕn := 2pie
iTNu[k0(1−n′3β3)−nω]/2δNu
(
k0(1− n′3β3)− nω
)
, δNu(x) :=
sin(TNux/2)
pix
. (31)
Then the contribution to the radiation amplitude of a twisted photon that comes from the wave function
ψ′(s′,m, k′3, k⊥) is written as
I3 +
1
2
(I+ + I−) = δm0ϕ0
[
β3 − 1
4
∞∑
n=−∞
(k2⊥ − 2s′ε1/2k0ωn)|rn+|2
]
+
+
1
2
δm1
∞∑
n=−∞
[
1− ωn
k0(s′ε1/2 − n′3)
]
k⊥rn+ϕn − 1
2
δm,−1
∞∑
n=−∞
[
1 +
ωn
k0(s′ε1/2 + n′3)
]
k⊥rn−ϕn. (32)
As a result, the average number of twisted photons produced by one relativistic charged particle in the
undulator in the dipole regime becomes
dP (s,m, k⊥, k3) = |zea|2
(
δm0|B0|2 + δm1|B+|2 + δm,−1|B−|2
)
n3⊥
dk3dk⊥
64pi2
, (33)
where
B0 = ϕ0
[(1
ε
+
n3
n′3
)(
β3 − 1
4
∞∑
n=−∞
k2⊥|rn+|2
)
+
s
2
(
1 +
n3
n′3
) ∞∑
n=−∞
k0ωn|rn+|2
]
,
B± =
∞∑
n=−∞
k⊥rn±
2
{1
ε
+
n3
n′3
− ωn
k⊥n⊥
[
n3 +
n′3
ε
± s
(
1 +
n3
n′3
)]}
ϕn + (k
′
3 ↔ −k′3).
(34)
For Nu & 10, the functions |ϕn(σk′3)|, σ = ±1, possess sharp maxima at
k0 =
nω
1− σn′3β3
⇔ n⊥ =
√
ε(k0)− (1− nω/k0)2/β23 , (35)
where n⊥ ∈ [0, 1]. These relations determine the undulator radiation spectrum. The peculiarities of this
spectrum will be discussed below in Sec. 3.1.1. The plots of the average number of twisted photons produced
in the helical undulator filled with helium are presented in Fig. 1.
Neglecting the terms that are small for Nu & 10, we have
|B±|2 =
∞∑′
n=−∞
k2⊥|rn±|2
8
∣∣∣1
ε
+
n3
n′3
− ωn
k⊥n⊥
[
n3 +
n′3
ε
± s
(
1 +
n3
n′3
)]∣∣∣2|ϕn|2 + (k′3 ↔ −k′3), (36)
where the prime at the sum sign reminds that only those n are kept that satisfy (39). It is supposed that
there are unforbidden harmonics from the intervals (39) contributing considerably to (33) for a given k0. As
we see, in the dipole regime, the most part of undulator radiation consists of the twisted photons with the
projection of the total angular momentum m = {−1, 0, 1}. Recall that, in the dipole regime, the undulator
in a vacuum radiates mainly the twisted photons with m = ±1 [37]. The contribution with m = 0 in the case
of the undulator filled with a medium corresponds to the VC radiation. Also note that in the ultraparaxial
regime when
n2⊥  1, n2⊥  ε, n2⊥  ε1/2ωn/k0, (37)
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Figure 2: On the left panel: The dependence k0(n⊥) for the harmonics n = 3, 6 of radiation of twisted photons in the undulator
with the parameters described in Fig. 1. The harmonics with n = {1, 2} are forbidden. The thin horizontal line corresponds to
k0 = 112 eV. On the right panel: The function |z(nk)| for the different values of χ¯. The undulator strength parameter K = 1/2.
The inclined straight line is z = ςk¯0nk/m = nk/2. The straight vertical line is nk =
√
χ¯− χ¯c. The straight horizontal lines: the
dotted line is z = 1; the dashed lines are z = b2,1 ≈ 1.53, z = c2,1 ≈ 2.57; the thin solid line is z = b1,1 ≈ 1.84. The unique
intersection point of the line z = ςk¯0nk/m with the curve z(nk) gives nk and, thereby, k¯0 for the radiated twisted photons.
Then it is not difficult to see which polarization dominates for these parameters.
the expression (36) can be simplified to
|B±|2 ≈ δs,±1
∣∣1 + ε−1/2∣∣2 ∞∑′
n=−∞
ω2n2|rn±|2
2n2⊥
|ϕn|2 + (k′3 ↔ −k′3), (38)
which is valid in the leading order. Thus we see from (33) that, in this approximation, the main contribution
to the radiation of twisted photons with m = ±1 comes from the twisted photons with the projection of the
orbital angular momentum l = m− s = 0. This value of the orbital angular momentum can be shifted by an
integer number by employing the helically microbunched beams of charged particles as a radiator in such an
undulator [33, 44].
3.1.1 Spectrum
Now we discuss some typical characteristics of the radiation spectrum (35). For a fixed k0, we have
n ∈
{
k0
ω [1− β3ε1/2, 1− β3χ1/2] ∪ k0ω [1 + β3χ1/2, 1 + β3ε1/2], χ > 0;
k0
ω [1− β3ε1/2, 1 + β3ε1/2], χ ∈ (−1, 0).
(39)
where χ := ε−1. The boundaries k0(1∓β3χ1/2)/ω of the intervals of admissible harmonic numbers correspond
to the condition of the total internal reflection, n⊥ = 1. The harmonics with n > 0 describe the usual
undulator radiation modified by the presence of the medium. In this case, σ = ±1. The branch with σ = −1
describes the contribution to radiation from the reflected wave and k0 < nω in this case, whereas the branch
with σ = 1 comes from the direct wave and k0 > nω. The harmonics with n 6 0 are realized only for
β3ε
1/2 > 1 and σ = 1. The harmonic n = 0 corresponds to the VC radiation and (35) reproduces the
condition for the Cherenkov cone with n⊥ ≡ sin θ in this case. The harmonics with n < 0 describe the
radiation with the anomalous Doppler effect [8, 9, 11, 23, 61–63]. The function n⊥(n, k0) is an increasing
function of n for k0 > ωn, i.e., for σ = 1, and a decreasing function of n for k0 < ωn, i.e., for σ = −1. Notice
also that for χ 6 0 and
k0(1− β3ε1/2) > ωn0, (40)
the harmonics with n ∈ [1, n0] are not formed. If the inequality (40) is fulfilled for any k0 within the
transparence zone of the medium, then the lower harmonics are completely absent.
Consider an important particular case of the plasma permittivity in more detail. In this case,
ε(k0) = 1− ω2p/k20, (41)
8
where ωp is the plasma frequency. For the material consisting of a single type of nuclei, the following approx-
imate formula holds [79]:
ω2p = 4piαZnm/me. (42)
As long as χ < 0 in this case, then n > 1 and
k0 =
nω ± |β3|
√
n2ω2n23 − (1− β23n23)ω2p
1− β23n23
. (43)
The energy of photons radiated at the harmonic n belongs to the interval k0 ∈ [k−0 , k+0 ], where
k±0 =
nω ± |β3|
√
n2ω2 − (1− β23)ω2p
1− β23
. (44)
Notice that k−0 > ωp and k−0 = ωp only for ωn = ωp. The maximum value of n⊥ = nc⊥ at a given harmonic is
(nc⊥)
2 =
n2ω2 + ω2p(β
2
3 − 1)
n2ω2 + ω2pβ
2
3
. (45)
It corresponds to the energy
kc0 =
n2ω2 + ω2pβ
2
3
nω
. (46)
Besides, if
n0 < (1− β23)1/2ωp/ω, (47)
then the harmonics with n ∈ [1, n0] are not formed for any n⊥. This fact can be employed for generation of
twisted photons with large projection of the total angular momentum m at the lowest admissible harmonic
(see Figs. 1 and 2). The plots of the dependence k0(n⊥) for several lower harmonics are presented in Fig. 2.
3.2 Helical wiggler
Now we turn to the radiation of undulator in the wiggler regime when the conditions (26) are violated. As in
the case of undulator in a vacuum, a simple analytic expression for the average number of twisted photons
radiated by a charged particle moving along a trajectory of a general form in the wiggler filled with a medium
cannot be derived. Therefore, we consider the two particular cases: the ideal helical wiggler and the planar
wiggler.
We start with the ideal helical wiggler. In this case, the trajectory of the charged particle takes the form
(16) with
r± = re±iςωt, r3 = 0, K = γωr, (48)
where ω > 0 and ς = ±1. Then the integrals (27) can easily be evaluated
I3 = β3ϕςmJm(k⊥r), I± = ∓ϕςm ςωrn⊥
ε1/2 ∓ n′3
Jm∓1(k⊥r). (49)
As a result, neglecting the transition radiation, we arrive at
dP (s,m, k⊥, k3) =
∣∣∣∣zeaϕςm[(1ε+n3n′3
)(
β3− ςmωn
′
3
n⊥k⊥
)
Jm−
(
1+
n3
n′3
)sςK
n⊥γ
J ′m
]
+(k′3 ↔ −k′3)
∣∣∣∣2n3⊥dk⊥dk364pi2 , (50)
where, for brevity, we omit the arguments of the Bessel functions. For Nu & 10, taking into account (35), we
have approximately
dP (s,m, k⊥, k3) = |zeaϕςm|2
∣∣∣(1
ε
+
n3
n′3
)εβ3 − n′3
n2⊥
Jm −
(
1 +
n3
n′3
)sςK
n⊥γ
J ′m
∣∣∣2n3⊥dk⊥dk364pi2 + (k′3 ↔ −k′3), (51)
in the leading order in Nu. The radiation spectrum has the form (35) with n = ςm, i.e., the selection rule is
the same as for the ideal helical wiggler in a vacuum. In the relativistic case, the contribution of the reflected
wave to (51) is strongly suppressed. The plots of the average number of twisted photons produced in the
wiggler filled with helium are given in Figs. 3 and 4.
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Figure 3: On the left panel: The dependence k0(n⊥) for the harmonics n = 1, 6 of radiation of twisted photons in the undulator
filled with helium under the pressure 1 atm and the temperature 0 oC. The experimental data for permittivity are taken from
[80]. On the right panel: The average number of twisted photons produced by one electron moving in such helical wiggler with
the chirality ς = 1. The Lorentz factor is γ = 167, E = 85.3 MeV. The number of wiggler periods Nu = 25 and the period
λ0 = 1 cm. The undulator strength parameter K = 1, which corresponds to the magnetic field strength H = 15.1 kG in the
wiggler. The energy of photons at the zeroth harmonic (the VC radiation) is taken as k0 = 6.9 eV. The ratios n2⊥/q ≈ 1.0 and
K2/(qγ2) ≈ 12 that means that the multiple scattering can be neglected. We see that, at the zeroth harmonic, the radiation
of photons with s = 1 is suppressed and so the radiation of photons with projection of the orbital angular momentum l = −1
dominates.
The case when the paraxial approximation holds,
|χ|  1, n⊥  1, (52)
is of a peculiar interest. In this case, the projection of the orbital angular momentum of the radiated twisted
photon can be introduced as l := m− s. This approximation implies
k¯0 =
2ςm
K−2 + 1 + n2k − χ¯
, n2k =
2ςm
k¯0
+ χ¯− 1−K−2, k⊥r = k¯0nk, (53)
where nk := n⊥γ/K, k¯0 := k0K2/(ωγ2), and χ¯ := χγ2/K2.
3.2.1 Polarization and angular momentum of radiation
The degree of polarization of radiation is specified by the ratio
A(s) :=
dP (s)
dP (1) + dP (−1) . (54)
In the paraxial approximation and for m 6= 0,
A(s) =
[
J ′m(ςmz)− sς(nk − 1/z)Jm(ςmz)
]2
2
[
J ′2m(ςmz) + (nk − 1/z)2J2m(ςmz)
] , z := 2nk
n2k + χ¯c − χ¯
=
ςk¯0
m
nk, (55)
where χ¯c := 1 +K−2. For m = 0, i.e., for the VC radiation, we have
A(s) =
[
J1(k¯0nk) + sςnkJ0(k¯0nk)
]2
2
[
J21 (k¯0nk) + n
2
kJ
2
0 (k¯0nk)
] . (56)
All the radiated photons possess the helicity s provided that
J ′m(ςmz) = −sς(nk − 1/z)Jm(ςmz), J1(k¯0nk) = sςnkJ0(k¯0nk). (57)
The linear polarization appears when A(1) = A(−1) = 1/2, i.e.,
(nk − 1/z)Jm(ςmz)J ′m(ςmz) = 0, J0(k¯0nk)J1(k¯0nk) = 0. (58)
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Figure 4: The same as on the left panel in Fig. 3 but for beams of electrons. On the left panel: The radiation from a Gaussian
beam of electrons is considered. We see that, at the zeroth harmonic, the radiation of photons with projection of the orbital
angular momentum l = −1 dominates. On the right panel: The radiation from a helically microbunched beam of electrons is
described. The chirality of the beam χ = −1, the longitudinal dimension σ3 = 150 µm (duration 0.5 ps), and the transverse
size σ⊥ = 16 µm. The number of coherent harmonic (14) is nc = 2 and the helix pitch δ = 0.36 µm is chosen such that the
coherent radiation is concentrated at k0 = 6.9 eV. The coherent contribution to radiation dominates and the contribution of
higher harmonics is suppressed at the given energy of photons (compare with the plot on the left panel). The fulfillment of the
addition rule is clearly seen. The radiation of twisted photons with projection of the orbital angular momentum l = −3 prevails.
The second equalities in (57) and (58) correspond to the case m = 0. For m 6= 0, the equations (57) and
(58) should be solved with account for the radiation spectrum (53) written in the form of the last equality
in (55). For m = 0, the condition of the existence of VC radiation, χ¯ > χ¯c, should be satisfied.
If one regards the degree of polarization (55) as a function of nk, then the regions where the radiation of
photons with a definite helicity dominates are separated by the roots of the equation (58) and the regions
with the different signs of the helicity are interlaced. Developing (55) for m 6= 0 as a series in nk, it is not
difficult to see that for nk → 0, i.e., in the ultraparaxial regime, the radiation with s sgn(m) = 1 prevails.
Furthermore, the positivity of the photon energy (53) implies that, for χ¯ < χ¯c, the photons are radiated with
ς sgnm = 1.
For m 6= 0, the graphical solution of the first equation in (58) is given in Fig. 2. We describe it below.
Let jm,p and j′m,p, p = 1,∞, be the positive roots of Jm(x) and J ′m(x), respectively, and
bm,p := jm,p/|m|, cm,p := j′m,p/|m|. (59)
The properties of zeros of the Bessel functions (see, e.g., [81]) imply that bm,p > 1, cm,p > 1 and bm,p → 1,
cm,p → 1 for |m| → ∞. For χ¯ < χ¯c, the function z(nk) has a unique maximum at the point
nk = n
0
k =
√
χ¯c − χ¯, z(n0k) = 1/n0k, (60)
and the inflection point at nk =
√
3n0k. At the maximum, z(n
0
k) > 1 when χ¯ ∈ [K−2, χ¯c). The plots of z(nk)
for χ¯ > χc are given in Fig. 2. As is seen from Fig. 2, the properties of polarization of radiation for m 6= 0
are as follows.
For χ¯ 6 K−2 there is a single solution to the first equation in (58) at nk = n0k. Therefore, for nk < n0k, the
radiation with sς = 1 dominates, whereas, for nk > n0k, the main contribution comes from the radiation with
sς = −1. We will refer to the parameter space, where sς = −1 for the main contribution to radiation, as the
domain with inverted radiation polarization. In the absence of the medium, the existence of this domain can
easily be explained without any calculations. To this end, one needs to find the helicity of created radiation
in the reference frame where the charge is at rest on average (the synchrotron frame). In this frame, the
radiation with sς = 1 dominates in the half-space z > 0, whereas the radiation with sς = −1 prevails in the
half-space z < 0. Then, by using the Lorentz transformation, one passes to the laboratory frame and takes
into account that the photon helicity is Lorentz-invariant (see for more detail [41, 60]). The value nk = n0k
with χ¯ = 0 corresponds to the angle at which the orbit plane of a charge in the synchrotron frame is seen in
the laboratory frame. Formula (60) gives the value of this angle with account for the nonvanishing electric
susceptibility, χ¯ 6= 0. For χ¯ = K−2, we have n0k = 1 (see Fig. 2).
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Figure 5: On the left panel: The dependence k0(n⊥) for the harmonics n = 0, 6 of radiation of twisted photons in the undulator
filled with helium under the pressure 4 atm and the temperature 0 oC. The experimental data for permittivity are taken from
[80]. On the right panel: The dependence k0(n⊥) for the harmonics n = 0, 4 of radiation of twisted photons in the undulator
filled with xenon under the pressure 1/2000 atm and the temperature 0 oC. The data for permittivity near the M -edge of xenon
are taken from [64, 65]. For simplicity, the peak is approximated by a Guassian with the center energy k0 = 680 eV and the
dispersion 15 eV. This Gaussian is added to the plasma permittivity (41) and the maximum of the obtained permittivity is fitted
to the data [64, 65]. One should bear in mind that in [64, 65] the data are given for the pressure 0.2 atm. The thin horizontal
line is k0 = 680 eV. This energy is slightly below the formation threshold of VC radiation.
If χ¯ ∈ [χ¯c,K−2), then nk > n(+)k corresponds to the domain with inverted radiation polarization for
any harmonic, and nk 6 n(−)k is the region with the usual radiation polarization (the radiation with sς = 1
dominates) for any number of the radiation harmonic. Here
n
(±)
k := 1±
√
1 + χ¯− χ¯c, (61)
which have been found from the condition z(n(±)k ) = 1. For nk ∈ (n(−)k , n(+)k ), the regions with the different
signs of sς are interlaced and separated by the roots of the first equation in (58), viz., by the solutions of the
equations
z = bm,p, z = cm,p, nk = n
0
k, (62)
where p = 1,∞. The energy of radiated photons is found from the intersection point of the plots z = z(nk)
and z = k¯0nk/|m|. Notice that the dipole approximation is not applicable in the domain |z| & 1.
For χ¯ > χ¯c, there appears the region, nk < |n0k|, where the radiation with the anomalous Doppler effect
is observed. In this region, ς sgnm = −1. The domain with inverted radiation polarization for any radiation
harmonic is specified by the inequalities nk 6 |n(−)k | or nk > n(+)k . For nk ∈ (|n(−)k |, n(+)k ), the regions with
the different signs of sς are interlaced and separated by the roots of the equations
|z| = bm,p, |z| = cm,p, (63)
where p = 1,∞. The energy of a radiated photon is found from the last equality in (55).
When m = 0 and χ¯ > χ¯c, i.e., the VC radiation is considered, it is convenient to introduce the variable
y := k¯0nk, where nk = |n0k| =
√
χ¯− χ¯c, for the analysis of the degree of radiation polarization. If y < j0,1
then the radiation with sς = 1 dominates. In increasing y, the intervals where the radiation with sς = 1 or
sς = −1 dominates are interlaced as
sς =
{
1, y ∈ (j1,p, j0,p+1);
−1, y ∈ (j0,p, j1,p), p = 1,∞. (64)
The VC radiation is completely circularly polarized and consists of photons with the helicity s provided that
k¯0 = sς
yJ0(y)
J1(y)
. (65)
In this case, the orbital angular momentum of radiated photons becomes
l = m− s = −s. (66)
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Figure 6: On the left panel: The average number of twisted photons produced by one proton moving in the helical undulator
with the chirality ς = 1. The Lorentz factor is γ = 59, E = 55.4 GeV. The number of undulator periods Nu = 40 and the period
λ0 = 1 cm. The undulator strength parameter is K = 8.7× 10−3, which corresponds to the magnetic field strength H = 241.5
kG in it. The energy spectrum of photons is given on the left panel in Fig. 5. The ratios n2⊥/q ≈ 1.1× 106 and K2/(qγ2) ≈ 462
that means that the multiple scattering can be neglected. The radiation at the first harmonic with s = −1 dominates and so
the radiation of photons with projection of the orbital angular momentum l = 2 prevails. On the right panel: The same as on
the left panel but for the Gaussian beam of protons. The coherent contribution to radiation is strongly suppressed.
In particular, in the dipole regime, y  1, we have
k¯0 = 2, sς = 1, 2|n0k|  1. (67)
Notice that for this photon energy the radiation of harmonics with n = ςm > 1 is not described by the
formulas of the dipole approximation, because in this case
k¯0nk = 2
√
n+ χ¯− χ¯c > 2. (68)
Therefore, the radiation at these harmonics is not suppressed and its intensity can exceed the intensity of
the VC radiation (see Figs. 3 and 4).
Now we consider the orbital angular momentum of twisted photons radiated at the harmonics with n 6= 0.
At these harmonics, the projection of the orbital angular momentum of photons is
l = m− s = ς(n− sς). (69)
When n > 1 and sς = 1, this relation reproduces the known selection rule for the orbital angular momentum
of twisted photons radiated by a helical undulator [28, 31, 32, 34–36]. However, at the same harmonic but
in the domain with inverted radiation polarization, the absolute value of the orbital angular momentum of
a radiated photon is by 2~ more than in the region with the usual polarization. The same property has the
radiation in the parameter space where the anomalous Doppler effect is realized, n 6 −1, but for sς = 1.
In particular, selecting suitably the energy of the observed photons, the parameters of the radiating charged
particle and the medium, one can secure that the first harmonic of the undulator radiation consists of the
twisted photons with l = 2ς.
As for the undulator radiation in a vacuum, this effect was discussed in [41]. As is seen from the analysis
given above, in a vacuum, χ¯ = 0, and for the photon energy
k¯0 < (n
0
k)
−2 = (1 +K−2)−1 ⇔ k0 < ωγ
2
1 +K2
, n2⊥γ
2 =
2ωγ2
k0
− 1−K2, (70)
the photons at the first harmonic possess the projection of the orbital angular momentum l = 2ς. The
presence of the medium with χ > 0 allows one to decrease the cone opening down to n0k = 1 and, as follows
from (53) and (70), to increase the energy of photons possessing l = 2ς at the first harmonic.
Dipole regime. As a particular case of the above general relations, we consider the polarization of radiation
with m 6= 0 in the dipole regime when |mz|  1. Then formula (57) implies that the undulator radiation is
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Figure 7: On the left panel: The average number of twisted photons produced by one electron moving in the helical undulator
with the chirality ς = 1. The Lorentz factor is γ = 2.84 × 104, E = 14.5 GeV. The number of undulator periods Nu = 10 and
the period λ0 = 1 cm. The undulator strength parameter K = 1/10, which corresponds to the magnetic field strength H = 1.5
kG in it. The energy spectrum of photons is given on the right panel in Fig. 5. The ratios n2⊥/q ≈ 6.9× 106 and K2/(qγ2) ≈ 1.7
that means that the multiple scattering can be neglected. The photons at the first harmonic k0 = 680 eV possess s = −1 and so
they have the projection of the orbital angular momentum l = 2. The large peak with m = 0 near the origin is the contribution
of transition radiation. On the right panel: The same as on the left panel but for the Gaussian beam of electrons. The coherent
contribution to radiation is strongly suppressed.
completely circularly polarized and consists of the photons with the helicity s provided that
nk =
{ |m|z
2(|m|+1) , s sgn(m) = 1, sς = 1;
2
z , s sgn(m) = −1, sς = −1.
(71)
Whence, in the first case,
k¯0 = 2(|m|+ 1), n2k =
|m|
|m|+ 1 + χ¯− χ¯c, k¯0nk  1. (72)
And, as it was established above in general, the radiation with s sgn(m) = 1 dominates for nk < |n(−)k |. In
that case, the orbital angular momentum of the photons radiated at the first harmonic is l = 0. In the second
case,
k¯0 = 2|m|/n2k, χ¯ = χ¯c, 2|m|/nk  1. (73)
For these parameters, the radiation completely consists of the twisted photons with helicity s = −ς and
projection of the orbital angular momentum l = 2ς (see Figs. 5, 6, and 7). This value of the orbital an-
gular momentum can be shifted by an integer number employing the coherent radiation of the helically
microbunched beams of particles in undulators [33, 44], the center of such a beam moving along the trajec-
tory (16).
3.3 Planar wiggler
The trajectory of a charged particle propagating in the planar undulator has the form (16) with (see for
details, e.g., [60])
r± = ±
√
2i
β3K
ωγ
sin(ωt), r3 = −β3K
2
4ωγ2
sin(2ωt). (74)
Let us find the average number of twisted photons radiated by the charged particle taking into account that
K/γ  1. Then the velocity components of the charge moving in the medium become
x˙± ≈ ±
√
2i
K
γ
cos(ωt), x˙3 ≈ 1. (75)
The integrals (27) are evaluated in the same way as for the planar wiggler in a vacuum studied in Sec. 5.B.2
of [37]
I3 =
∞∑
n=−∞
ϕnfn,m, I± = ∓s
′ε1/2 ± n′3
nk
∞∑
n=−∞
ϕnf
±
n,m, (76)
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Figure 8: The average number of twisted photons produced by electrons in the planar wiggler. The parameters of the wiggler
and the energy of electrons are the same as in Fig. 3. On the left panel: The average number of twisted photons produced
by one electron moving in such planar wiggler. The energy of photons at the zeroth harmonic (the VC radiation) is taken as
k0 = 6.9 eV. The ratios n2⊥/q ≈ 1.0 and K2/(qγ2) ≈ 12 that means that the multiple scattering can be neglected. We see
that the selection rule m+ n is an even number is satisfied. The reflection symmetry (11) also holds. At the zeroth harmonic,
the radiation of photons with s = −1 is suppressed. Therefore the radiation of photons with projection of the orbital angular
momentum l = 1 dominates and there is a small admixture of photons with l = 3. On the right panel: The same as on the left
panel but for the Gaussian beam.
As before, the functions ϕn are defined by formula (31) and, for brevity, the following notation has been
introduced
fn,m := pi(1 + (−1)n+m)
∞∑
k=−∞
Jk
(β3k′3K2
4ωγ2
)
J(n−m)/2+k
(β3Kk⊥√
2ωγ
)
J(n+m)/2+k
(β3Kk⊥√
2ωγ
)
,
f±n,m :=
fn+1,m∓1 + fn−1,m∓1√
2
.
(77)
Neglecting the contribution of the transition radiation, the average number of twisted photons radiated by
one particle takes the form
dP (s,m, k⊥, k3) =
∣∣∣∣zea ∞∑
n=−∞
ϕn
[(1
ε
+
n3
n′3
)(
fn,m − n
′
3
2nk
(
f+n,m + f
−
n,m
))
+
s
2nk
(
1 +
n3
n′3
)(
f−n,m − f+n,m
)]
+ (k′3 ↔ −k′3)
∣∣∣∣2n3⊥dk⊥dk364pi2 . (78)
The radiation spectrum is given by formula (35) and the analysis of its peculiarities is presented in Sec. 3.1.1.
Taking into account that
f+n,m = f
−
n,−m, (79)
it is easy to see that (78) obeys the reflection symmetry (11).
If the thickness of the dielectric medium L is large, the contribution of the reflected wave is suppressed
in comparison with the contribution of the direct wave. Moreover, the contribution of the terms describing
the interference between different harmonics is small in comparison with the values of (78) at the peaks of
the harmonics. Having neglected these small contributions, we deduce the expression for the average number
of twisted photons radiated at the n-th harmonic
dP (s,m, k⊥, k3) = |zeaϕn|2
∣∣∣∣(1ε + n3n′3
)(
fn,m− n
′
3
2nk
(
f+n,m + f
−
n,m
))
+
s
2nk
(
1 +
n3
n′3
)(
f−n,m− f+n,m
)∣∣∣∣2n3⊥dk⊥dk364pi2 .
(80)
As follows from the explicit expressions for the functions fn,m, f±n,m entering into (78) and (80), the number
n+m is an even one for radiated twisted photons. This selection rule was obtained in [37] for the radiation
of twisted photons by a planar undulator in a vacuum and it was shown in [43] that this selection rule is
preserved when the quantum recoil is taken into account. In particular, this selection rule implies that the
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VC radiation in the planar undulator corresponding to n = 0 consists of the twisted photons with an even
projection of the total angular momentum m and not just with m = 0. The plots of the average number of
twisted photons radiated by electrons in the planar wiggler filled with helium are presented in Fig. 8.
4 Conclusion
Let us sum up the results. We described the properties of radiation of twisted photons produced by undulators
filled with a homogeneous dielectric medium. Both the dipole and wiggler regimes were considered. We started
with the general formula for the probability to detect a twisted photon radiated by a charged particle passing
through a dielectric plate derived in [58]. We proved that the selection rules established in [59] for radiation of
twisted photons by charged particles in a vacuum also hold in the presence of a dielectric plate. In particular,
we proved the reflection symmetry property (11) for the radiation probability of twisted photons by planar
currents.
Then the formulas for the average number of twisted photons radiated by an undulator filled with a
dielectric medium were deduced. We studied in detail the undulator radiation in the dipole regime and the
ideal helical and planar wigglers. We analyzed the spectrum of energies of radiated photons paying a special
attention to the case of a plasma permittivity. In particular, we showed that, for sufficiently large plasma
frequencies (47), the lower harmonics of undulator radiation do not form (see Figs. 1 and 2).
We also investigated the spectrum of twisted photon radiation with respect to the projection of the total
angular momentum m and the orbital angular momentum l. We showed that, in the general dipole case, the
undulator radiation mainly consists of the twisted photons with m = {−1, 0, 1} provided the lower harmonics
are not prohibited by the energy spectrum at a given energy. Recall that the undulator dipole radiation in
a vacuum is mainly comprised by the twisted photons with m = ±1 [37]. In the case of the undulator
dipole radiation filled with a medium, the radiation with m = 0 corresponds to the VC radiation. In the
ultraparaxial approximation (37), we found that the most part of twisted photons of the dipole undulator
radiation with m = ±1 possess the orbital angular momentum l = 0.
In considering a helical wiggler filled with a dielectric medium, we found that the selection rule m = ςn,
where n is the harmonic number and ς = ±1 is the chirality of the helical trajectory, is satisfied. This selection
rule is the same as in the vacuum case but the harmonic number can be negative for the medium with the
electric susceptibility χ > 0 due to the anomalous Doppler effect. The case n = 0 corresponds to the VC
radiation. A peculiar polarization properties of radiation created by the helical wiggler filled with a medium
allows one to produce the radiation with a well-defined orbital angular momentum l in the paraxial regime
(see Figs. 3, 4, 6, and 7). We described thoroughly these polarization properties and found the parameter
space where the radiation with a given l dominates.
For example, for any given harmonic, we found the domains with inverted polarization where the radiation
with sς = −1 prevails, s being the helicity of radiated twisted photons. Such domains exist already for the
vacuum undulator radiation (see, e.g., [41, 60]). The presence of a dielectric medium allows one to increase
the radiation yield and the energy of photons in these domains. In the paraxial regime, l = ς(n − sς) and
so the absolute value of the orbital angular momentum at a given harmonic, n > 1, is by 2~ more in the
domain with inverted polarization than in the region where the usual polarization, sς = 1, prevails. As for
the harmonics n 6 −1, where the anomalous Doppler effect appears, the situation is reverse. For a given
harmonic, the orbital angular momentum is by 2~ more in the domain with sς = 1 than in the domain with
inverted polarization.
Besides, we found the parameter space where the VC radiation is almost completely circularly polarized.
As long asm = 0 for the VC radiation produced in the helical undulator, the photons of VC radiation possess
a definite nonzero orbital angular momentum in this case, provided the paraxial approximation is valid. For
example, the VC radiation is constituted by the twisted photons with orbital angular momentum l = −ς at
the photon energy k0 ≈ 2ωγ2/K2 near the threshold of the VC radiation (67) (see Figs. 3 and 4).
The spectrum over m of the twisted photons produced in the planar wiggler was also studied. We proved
that the selection rule, m+n is an even number, is fulfilled for this radiation. It has the same form as for the
planar wiggler radiation in a vacuum [37, 43]. It was also found that the VC radiation produced by charged
particles in such a wiggler consists of twisted photons with even projections of the total angular momentum
and not just with m = 0 (see Fig. 8). Of course, the reflection symmetry of the probability of radiation of
twisted photons (11) holds in this case.
All the above mentioned properties are valid for the undulator radiation produced by one charged particle.
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We investigated how these properties change when the radiation of a beam of particles is considered (see
Figs. 4, 6, 7, and 8). As expected, the properties of radiation of twisted photons by a structureless beam of
charged particles are the same as for the radiation generated by one particle when k⊥σ⊥ . 1, where σ⊥ is
the transverse size of the beam [40, 44]. The use of periodically microbunched beams of particles allows one
to amplify the intensity of radiation by means of the coherent effects. If, in addition, such a microbunched
beam is helical, the total angular momentum of radiated twisted photons can also be increased (see Fig.
4). Nowadays, the techniques are elaborated allowing one to produce such a coherent radiation up to X-ray
spectral range [3–7].
As examples, we described the radiation of twisted photons produced by electron and proton beams in
the undulators filled with helium in the ultraviolet and X-ray spectral ranges. Moreover, we considered the
production of X-ray twisted photons with l = 2 by the electron beam propagating in the undulator filled
with xenon. This radiation is created near the photoabsorption M -edge of xenon.
Thus we see that the presence of a dispersive medium inside of the undulator offers additional possibilities
for generation of hard twisted photons with desired properties. We did not study in this paper the effect of a
periodic modulation of the dielectric medium on the properties of radiation of twisted photons [22, 58, 65, 71,
77]. This will be the subject of our future research. Besides, as was shown in [65, 82], the VC radiation can be
generated in the gamma ray spectral range near the lines of Mössbauer transitions. The usual VC radiation
is an equiprobable mixture of twisted photons with l = ±1 in the paraxial regime (see, e.g., [58, 83–85]). The
theory developed in the present paper can be employed to twist these gamma rays and to make them to be
in an eigenstate of the orbital angular momentum operator.
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